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Exercise 1.

(Euler characteristic of a finite CW complex)
We recall that every finitely generated abelian group G can be written as a direct sum of
cyclic subgroups, and the number of Z summands is defined to be the rank of G, denoted
by rank(G). In this exercise you can use the following

Lemma 1. Let A,B and C be finitely generated abelian groups such that the following
sequence

0 −→ A −→ B −→ C −→ 0

is exact. Then rank(B) = rank(A) + rank(C).

(a) Let Ci be finitely generated abelian groups. Prove that given a chain complex :

0 −→ Cn
∂n−−−→ Cn−1 −→ · · ·

∂1−−−→ C0 −→ 0

with homology groups Hi(C), then

n∑
i=0

(−1)i rank(Ci) =
n∑

i=0

(−1)i rank(Hi(C))

(b) Let X be a topological space which can be endowed with the structure of a finite
CW complex X = Xn, i.e. the number of i-dimensional cells, denoted by ci, is finite
for every i, and zero for i > n. Define the Euler characteristic of X to be

χ(X) =
n∑

i=0

(−1)ici

Prove that χ(X) only depends on the homotopy type of X.

Exercise 2.

Exercise 2 on page 155 of Hatcher’s book. In order to solve this exercise, you will need
to use that the sphere Sn is a covering space of RPn with respect to the projection map
a : Sn −→ RPn (see Hatcher’s book page 56), and hence Proposition 1.33 on page 61 holds.



Exercise 3.

Exercise 8 on page 155 of Hatcher’s book. For this exercise you can use Proposition 2.30
on page 136.

Exercise 4.

Let X be a topological space endowed with the structure of a CW complex. Prove that
Hn(Xn) is a free abelian group for every n. (Here Xn denotes the n-skeleton of the CW
complex.)


